A one-to-one correspondence is described between the set S(m) of numerical semigroups with multiplicity m and the set of non-negative integer solutions of a system of linear Diophantine inequalities. This correspondence infers in S(m) a semigroup structure and the resulting semigroup is isomorphic to a subsemigroup of N m−1 . Finally, this result is particularized to the symmetric case.
Introduction
A numerical semigroup is a subset of N closed under addition, containing the zero element and generating Z as a group (here N and Z denote the set of non-negative integers and the set of integers, respectively). From this definition it is derived (see [3] and [15] ) that the set N \ S is finite. The largest integer not belonging to a numerical semigroup S is called the Frobenius number of S and it is denoted by g(S). The tight relationship between numerical semigroups and monomial curves (see for instance [4, 5, 7, 9, 10, 17]) has caused some of the terminology used in Algebraic Geometry to be exported to numerical semigroups. Along this line, the least positive integer belonging to a numerical semigroup S is called its multiplicity and it is denoted by m(S). The cardinality of the smallest system of generators of S is known as the embedding dimension of S. Given n ∈ S\{0}, the Apéry set (named so after [2] ) of S with respect to n is the set Ap(S, n) = {s ∈ S | s − n ∈ S} and it can be easily shown that if for every i ∈ {0, . . . , n − 1} we take w(i) the least element in S congruent with i modulo n (denoted w(i) ≡ i(mod n)), then Ap(S, n) = {0 = w(0), w (1) , . . . , w(n − 1)}. The set Ap(S, n) completely determines S, since S = Ap(S, n)∪{n} (where A denotes the monoid generated by A). Moreover, the set Ap(S, n) contains in general more information than an arbitrary system of generators of S. For instance, g(S) = max(Ap(S, n)) − n and for all s ∈ S there exist unique t ∈ N and w ∈ Ap(S, n) such that s = tn + w. One could say that the best way of describing S is by the Apéry set of one of its elements, and the smallest Apéry set is Ap(S, m(S)).
The main idea used in this paper is the following. If S is a numerical semigroup with multiplicity m and Ap(S, m) = {w(0) = 0, w(1) = k 1 m + 1, . . . , w(m − 1) = k m−1 m + m − 1}, then [11, Lemma 3.3] states that for every i, j ∈ {0, . . . , m − 1} there exist t ∈ N and k ∈ {0, . . . , m − 1} such that w(i) + w(j) = tm + w(k) (the reader can prove this directly). From this fact it can be deduced that (k 1 , . . . , k m−1 ) is a non-negative integer solution of the system of linear Diophantine inequalities
In Section 2 we study the set of non-negative solutions of systems of linear Diophantine equations. We will see that these solutions can be described with a finite set of parameters and the coefficients of these parameters can be computed algorithmically. Section 3 is devoted to constructing a one-to-one correspondence between S(m), the set of numerical semigroups with multiplicity m, and the set of non-negative integer solutions of the above system of inequalities. As a consequence of the results presented in the preceding section, S(m) is described by a finite set of parameters that can be effectively computed. In Subsection 3.1 we study a special kind of numerical semigroup known as a MED-semigroup (numerical semigroups with maximal embedding dimension). These semigroups have been widely studied in the literature (see for instance [3, 11, 16] ). We prove that the set of MED-semigroups with multiplicity m, MED(m), is bijective with a subsemigroup of N m−1 , that is the set of non-negative integer solutions of a system of linear Diophantine inequalities. This makes it feasible to endow MED(m) with a semigroup structure (in fact, the resulting semigroup is isomorphic to a subsemigroup of N m−1 ). The set MED(m) of MED-semigroups of multiplicity m and with all minimal generators (except m) greater than 2m is a subsemigroup of MED(m) and it is bijective to S(m), whence S(m) will inherit the semigroup structure of MED(m) and the resulting semigroup is isomorphic to MED(m), improving in this way [11, Theorem 3.5 ].
An important family of numerical semigroups is the set of symmetric numerical semigroups. Its importance relies on the fact that the semigroup ring (see [8] ) associated to a symmetric numerical semigroup is Gorenstein (see [10] ). In Section 4 we deal with this kind of semigroup and perform for them an analogous study to the one presented in previous sections. The main differences in this case is that the systems that appear also contain linear equations and that the set of symmetric numerical semigroups is a union of sets of non-negative integer solutions of systems of this form.
Non-negative integer solutions to Diophantine linear inequalities
Our aim in this section is to describe the set of non-negative integer solutions to systems of linear inequalities and equations with integer coefficients. Assume we are given the system
with a ij , b j ∈ Z. In order to solve it we will use the following supplementary systems of linear Diophantine equations:
and
The variables x n+1 , . . . , x n+r are usually known in the literature as slack variables (see for instance [6] and the references there). The set of non-negative integer solutions of (3) is a monoid and it is generated by its set of non-zero minimal elements with respect to the usual partial order 6 in N n+r+1 (this set is finite in view of Dickson's lemma; see for instance [13] 
, be a system of generators of the Diophantine monoid given by the set of non-negative solutions of (3). Assume that α i , . . . , α d are the elements in A with the last coordinate equal to 0 and α d+1 , . . . , α g are those elements in A with the last coordinate equal to 1. Then the set of non-negative solutions of (2) is
Using Lemmas 1 and 2, the reader can prove the following result.
Proposition 3. Let {α 1 , . . . , α t }, {α 1 , . . . , α d } and {α d+1 , . . . , α g } be as in Lemma 2, and let π : N n+r+1 −→ N n be the projection onto the first n coordinates. Then the set of non-negative integer solutions of (1) is
We now sharpen these results a bit more, taking into account some monoid structures arising in the process. Let T be the monoid of non-negative integer solutions of the system of inequalities
Denote by T the set of non-negative integer solutions of system (1). We define on T the following binary relation:
Lemma 4. The binary relation 6 T is an order relation on T.
Proof. Observe that 6 T is reflexive since 0 ∈ T . As T is unit free, 6 T is antisymmetric. Finally, if x 6 T y and y 6 T z, then y − x ∈ T and z − y ∈ T , whence z − x = z − y + y − x ∈ T and thus x 6 T z.
where π is defined as in Proposition 3.
Proof. The elements α 1 , . . . , α d are non-negative integer solutions of (3) with the last coordinate equal to 0, whence {π( 
The next result gives a description for systems of inequalities similar to the one obtained in Lemma 2 for systems of equations.
Theorem 6. Let T be the set of non-negative integer solutions of (1) and T be the set of non-negative integer solutions of (4). Then T = Minimals 6 T (T) + T and the set Minimals 6 T (T) is finite.
Proof. We already know by Proposition 3 and Lemma 5 that
From the definition of 6 T , it follows that T = Minimals 6 T (T) + T .
Remark 7.
(1) There are several algorithms for finding the set of elements described in Lemma 2 (see for instance [6] or [15] ). Hence we know how to compute {α 1 , . . . , α t }. From this set one can compute a system of generators of T by projecting onto the first n coordinates the elements α 1 , . . . , α d . Now, using (4), one can easily check which elements in {π(α d+1 ), . . . , π(α g )} belong to Minimals 6 T (T), whence we have a complete procedure for describing all the elements in T.
(2) In [1] is presented an algorithm for solving (1) without adding slack variables. This algorithm can be used to find π(α 1 ), . . . , π(α g ).
(3) In the literature one can also find implementations using Gröbner basis computation for solving (3).
3. Systems of inequalities associated to the set of numerical semigroups with fixed multiplicity Let S(m) be the set of all numerical semigroups with multiplicity m ∈ N\{0}. In this section we prove that there is a one-to-one correspondence between this set and the set of non-negative integer solutions of a system of linear Diophantine inequalities. The key for this correspondence is given in the following result that can be derived from [11, Lemma 3.3] . Observe that for m = 1, the only numerical semigroup with multiplicity m is N, whence the interesting cases arise when m > 1, and that is why in the following we will assume that m > 1. 
is a non-negative solution of the system
Denote by T(m) the set of non-negative solutions of (5). Next we associate to each element in T(m) an element in S(m). 
Next we illustrate these results with a couple of examples.
Example 12. The set of all numerical semigroups with multiplicity 3 is
and T(3) is the set of non-negative integer solutions of
Computing this set as explained in Section 2 we obtain T(3) = {(1, 1), (1, 2), (2, 1), (3, 1)} + (1, 2), (1, 1), (2, 1) .
The description of S(m) in terms of T(m) also allows us to construct all numerical semigroups with given multiplicity and Frobenius number. We illustrate this with an example. Hence the set of numerical semigroups with multiplicity 5 and Frobenius number 13 is 11, 7, 18, 9 , 5, 11, 7, 18, 14 , 5, 11, 12, 18, 9 , 5, 11, 12, 18, 14 The same procedure can be used to obtain a description of the set of numerical semigroups with fixed Frobenius number g. One has to look for numerical semigroups with multiplicity m ∈ {2, . . . , g − 1, g + 1} and proceed as in Example 13.
MED-semigroups
A numerical semigroup is a MED-semigroup if its multiplicity equals its embedding dimension (MED stands for maximal embedding dimension). Denote by MED(m) the set of MED-semigroups with multiplicity m. We show that there is a one-to-one correspondence between MED(m) and a subsemigroup of Denote by M(m) the set of non-negative solutions of the system of inequalities
The proof of the following result is analogous to Theorem 11, using Lemma 14 instead of Lemma 8. (k 1 , . . . , k m−1 ) = m, k 1 m + 1, . . . , k m−1 m + m − 1 is one-to-one. Furthermore
Ap (ψ(k 1 , . . . , k m−1 ), m) = {0, k 1 m + 1, . . . , k Observe that the set of non-negative solutions of (6) is a semigroup which is not finitely generated as the following two results show (except M(2) = N\{0}).
Lemma 16. Let S = s 1 , . . . , s r be a submonoid of N p for some positive integer p. Assume that there exist v, w ∈ N p such that v + kw ∈ S for all k ∈ N. Then there exists l ∈ N\{0} for which lw ∈ S.
has infinitely many elements, and by Dickson's lemma, it follows that there exist
Proposition 17. Let m be an integer greater than 2. The semigroup M(m) is not finitely generated.
Proof. We already know by Theorem 6 that M(m) = Minimals 6 T (M(m)) + T , where T is the set of non-negative integer solutions of
Hence v + kw ∈ M(m) for all v ∈ Minimals 6 T (M(m)), w ∈ T and k ∈ N. Observe that the element v = (1, . . . , 1) ∈ Minimals 6 T (M(m)) and w = v + e m−1 ∈ T (as usual, e i denotes the element all of whose coordinates are zero except the ith which is equal to one). Hence v + kw ∈ M(m) for all k ∈ N. If M(m) is finitely generated, then by Lemma 16 there must be a positive integer l such that lw ∈ M(m), but this is impossible, since this element does not fulfill the equation
The correspondence between numerical semigroups and MED-semigroups
Let m be an integer greater than 1 and let MED(m) be the set of MED-semigroups of multiplicity m and with all minimal generators greater than 2m (except of course m). This condition yields k i > 2 for all i ∈ {1, . . . , m − 1} in the definition of k i , whence is a semigroup isomorphism, where ϕ is the map given in Theorem 11.
Corollary 20. The set of numerical semigroups with multiplicity m is a semigroup isomorphic to a subsemigroup of N m−1 .
Symmetric numerical semigroups
In this section we particularize the results obtained in Section 3 for symmetric numerical semigroups. We see how the defining inequalities of T(m) are reshaped by the symmetric property.
Let S be a numerical semigroup with multiplicity m and Frobenius number g. The numerical semigroup S is symmetric if for all x ∈ Z\S, we have g − x ∈ S. The following result is well known and can be found for instance in [12] . 
(This set is not a subsemigroup of N m−1 .)
